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LIFTING-SURFACE-THEORY VALUES OF THE DAMPING
_IN ROLL AND OF THE PARAMETER USED IN
ESTTMATTNG ATLERON STICK FORCES
By Robert 3. Swanson and E. LaVerne Priddy

SUMMARY

An Investigation was made by lifting-surface
theory of a thin elliptic wing of aspect ratio 6
in a steady roll by means of the electromagnetic-
analogy method. From the results, aspect-ratio
corrections for the damping in roll and aileron hinge
moments for a wing in steady roll were obtalned that
are conslderably more accurate than those gilven by
lifting=line theory. Flrst-order effects of com=-
pressibllity were included in the computations.

The results obtalned by lifting-surface theory
Indicate that the damping in roll for a wing of aspect
ratio 6 1s 13 percent less than that glven by 1lifting-
line theory and 5 percent less than that given by
11fting=1ine theory with the edge-velocity correction
derived by Robert T. Jones applied. The results are
extended to wings of other aspect ratios.

In order to estimate alleron stick forces from
static wind-tumnel data, 1t 1s necessary to know the
relation between the rate of change of hinge moments
with rate of roll and rate of change of hinge moments
with angle of attack. The values of thls ratio were
found to be very nearly equal, within the usual accuracy
of wind-tunnel measurements, to the valuss estimated
by using the Jones edge-veloclty correction, which for
e wing of aspect ratlio 6 gives values 4.4 percent less
than those obtained by lifting-line theory. An
additional lifting-surface-~theory correction was
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calculated but need'nbt be applled except for falrly
large high-speed airplanes. _

Simple practical methods of applying the results
of the lnvestigation to wihgs of other plan forms are
glven. ' No knowledge of lifting-surface theory is
required to apply the results. In order to facllitate
an understanding of the procedure, an 1lluatrative
example 1s glven.

INTRODUCTION

One of the many aerodynamic problems for which
a theoretical solution by means of lifting-line theory
might be expected to be inadequate 13 the case of a
wing in steady roll. Robert T. Jones has obtalned in
an unpublished analysls simlilar to that of reference 1
& correctlion to the lifting-line-thsory values of the
damping in roll that amounts to an 8-percent reductlon
in the values for a wing of dspect ratio 6. Still more
accurate values may be obtalned by use of lifting-surface
theory.

A method of estlimating aileron stick forces in a
steady roll from static wind-tunnel data on three-
dimensional models 1ls presented in reference 2. Thils
method 1s based upon the use of charts glving the
relation between the rate of change of hinge moment with
rate of roll Chp and the rate of change of hinge

moment with angle of attack Cha In the form of the

parameter (Fp)ch = , which is determined by means |
- of 1lifting-line theory. It was pointed out in reference 2
that the charts might contain falrly large errors which
result from neglecting the chordwise variation in
vorticity and from satisfying the alrfoll boundary condl=
tions at only one polnt on the chord as 1s done in
lifting-llne theory. A more exact determination of the
parameter (ap)ch is desired. In reference 5 an addi-

tional aspect-ratio correction to cha as determined

from 1ifting-surface theory 1s presented. In order
to evaluate the possible errors in the values of (gp)ch '
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'as determined by lifting-l1ine theory, it 1s necessary .
co determine simllar additlonel aspect-ratlo corwections
to Cn,-

. P’

A description of the methods and equlpment required
to solve lifting-surface~-theory problems by means of
an electromagnetic analogy 1s presented in reference 4.
An electromagnetic-analogy model simulating a thin
elliptic wil of aspect ratio 6 in a ateady roll was
conatructed (fig. 1) and the magnetic-fleld strength
simulating the lnduced downwash veloclties was measured
by the methods of reference 4. Data were thus obtailned
from which additional aspect-ratio corrections to Chp for
a wing' of aspect ratio 6 were determined.

Because of the small magnitude of the correction
(ap Ch introduced by the lifting-surface calculations,

1t was not consldered worth whille to conduct further
experiments on winge of other plan forms. An attempt
was therefore made to effect & reasonable generalization
of the results from the avallable data.

Inasmuch as the theory used in obtaining thesse
results l1s rather complex and an understanding of the
theory 1s not necessary in order to make use of the
results, the materlial presented hereln l1s conveniently
given in two parts., Part I gives the results 1n a
form sultable for use wlthout reference to the theory
and part II gives the development of the theory.

SYMBOLS
a angle of attack (radians, unless otherwise
stated)

cy section 1ift coefficlent (?1ft)

Lift
CL wing 11ft coefficient (:E§%>
Cy hinge-moment coefficient (?1nge g°m°nf)

. Qcg bg

c, rolling-moment coefficlent <k°1lig§bm°mﬂnt)
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slope of the sectlon iift curve for incom-
pressible flow, per radian unless otherwilse
stated

wing-tip hellx angle, radians

circulation strength

‘demping coefficlient; that is, rate of change

of rolling-moment coefflclent with rate
0C,;

of roll ———e
(e (pb/2V)

rate of change of hinge moment with rate of

roll (;;EEEL__.
3 (pb/2V)

rate of change of hinge moment with angle of

ttack 5Ch
a ac B_&—

rate of change of wing 1if§ coefflclent
C
with angle of attack L

absolute value of the ratio ( )

wing chord

wing chord at plane of symmetry

balance chord of alleron

chord of aileron

alleron root-mean-square chord

chordwise distaﬁce from wing leading edge
spanwise distance from plane of symmetry
alleron span

wing semispan
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S area of wing
---Welght of airpleme . . .

Fg stick force, pounds

Ba stick deflection, degrees

8g alleron deflectlon, degrees, positlive downward

agpect ratio

Aq equivalent aspect ratio in compressible
flow CAV l - Mz)

A taper ratlo, ratio of fictitious tip chord
to root chord

M free~stream Mach number

w vertical component of induced velocity

v free-stream velocity

q free-stream dynamic pressure (%pV%)

edge-velcclty correction factor for 1lift

B! edge~veloclty correction factor for rolling
moment

F hinge-moment factor for theoretical load
caused by streamline-~curvature correction
(reference 5)

n experimentally determined reduction factor for
F to include effects of viecosity

'] trailing-edge angle, degress

0 parameter defining spanwise location (%os'l S;E)

Ky, Ko constanta '

Subscripts:

LL ;ifting-line theory
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IS lifting-surface theory

EV edge-velocity correction
3C streamline curvature

max maximum

o outboard

1 Inboard

e effective

c compressibility equivalent

I-APPLICATION OF METHOD TO
STICK-FORCE ESTIMATIONS
GENERAL METHOD °

The values of the damping in roll Czp presented

in reference 2 were obtalned by applying the Jones
edge-veloclty correction to the lifting-line-theory
values. PFor a wlng of aspect 6, the Jones edge-veloclty
correction reduces the 'values of Czp by about 8 percent.

From the data obtalned on the electromagnetic-analogy
model of the elliptic wing of aspect ratio 6, a more
accurate correction to Czp for this aspect ratlo

could be calculated. The dampling in roll was found
to be 13 percent less than that given by 1lifting-line
theory. The results were extended to obtaln values
of CLP for wings of varlous aspect ratlos and taper

ratios. These values are presented in figure 2. The
parameter \/i - H° 1s included in the ordinates and

abscissas to account for first-order compressiblility
effects. The value of a5 to be used in figure 2

1s the value at M = 0.

The method of estimating alleron stick forces

requlres the use of the parameter (ap)ch = |E£E .
h
| a
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‘ngggge cha can be found from the astatic wind-tunnel
data, 1t 1s possible to determine Cp,. and thus the

effect of rolling upon the alleron stick forces .
if (ap)c is known. In order tq .avoid measuring Gha.

at all po?nts to be computed, tHe effect of rolling 1s
usually accounted for by estimating an effective angle

of dttack of the rolling wing such that the static
hinge moment at thls angle 1s equivalent to the hlnge
moments during a roll at the 1nitiael angle of attack.

The effective angle of attack is equal to the initial
angle of attack corrected by an incremental angle (Aa)ch

that accounts for rolling, where
- b .
- '.(.A“).ch " (ap)ch'STr C (1)

The value of (Aa)ch i1s added to the initial a for

the downgoing wing and subtracted from the initlal a
for the upgolng wing. The values of (j corresponding
to these corrected values of a are then determlned
and are converted to stick force from the known dynemic
pressure, the &aileron dimensions, and the mechanical
adventage.

The value of pb/2V to be used in equation (1)
for determining (Ad)g 1s (es explained in reference 2)

the estimated value for a rigid unyawed wing; that 1is,

L
v z,p

The value of C; to be used in calculating pb/2Y
should also be corrected for the effect of rolling.
The calculation of pb/EV 1s therefore destermined by
successive approximations. For the first approxi-
mation, the statlc values of C; are used with the

value of Cy from figure 2. From the first-approxl-

mation values of pb/2V, an incremental angle of
attack (A“)Gz 1s estimated. For all practical purposes,

(ap) Cy = (“P)ch
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and from equation (1),

(80)g, = (ap)g, B

Second~approximation’ values of C; ocan be determined

at the effactlve angles of attack a + A¢ and g =~ Aa.
The second-approximation value of pb/2V obtalned from
this value of C; 1s usually sufficiently accurate

to make further approximations unnecessary.

In order to estimate the actual rate of roll,
values of pb/2V for the rigld unyawed wing must be
corregcted for the effects of wing flexibllity and
airplane yawing motion. An emplrical reductlion factor
of 0.8 has been suggested for use when data on wing
stiffness and stabllity derivatlives are not avallable
to make more accurate correctlions. Every attempt should
be made to obtaln such data because this emnirical
reduction factor ls not very accurate - actual values
varying from 0.6 to 0.9. The improvement in the
theoretical values of (3 obtalned by use of lifting-

surfacse theory hereln 1s Eost 1f such an empirical factor
1s used. In fact, 1f more accurate corrections for

wing twlst and yawling motion are not made, the emplirical
reduction factor should be reduced to 0.75 when the more
correct values of Clp gilven in flgure 2 are used.

The wvalues of @ﬁﬁc presented 1n reference 2
h

were obtained by graphically integrating some pu%lished
span-load curves determlned from lifting-line theory.
Determination of this parameter by means of the lifting-
surface theory presented herein, however, gives somewhat
more accurate values and indicates a variation of the
paramster with aspect ratio, taper ratio, aileron span,

» Fn
Mach number, cha, and the parameter 77-7r-'
Ca c\2

{ )
In practice, a valus of Qap)c equal to the
lifting-line-theory value of (gp)ci (see appendix)
times the Jones edge-veloclty correc%&on

Ac + 4 AcE, + 2
paramoeter k. T E I;ETC o
accurate. The 1ncremental angle of attack (Aa)ch 1s then

1s probably sufficlently
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(Aa)gy = 'B%(ap) Chgy

e e e e e e ~ ‘A + 4 A E + 2. -,
- E)ony BFTRER IR O

If further refinement in estimating the stick force
1s desired, s small additionel 1liIfting-surface-theory

correction ACh = Chp) BV may be added to the

hinge moments determined. For wings of aspect ratios of
from about 4 to 8, values of this additional 1ifting-
surface-theory correction are within the usual accuracy
of the measurements of hinge moments in wind tunnels;

that 1s, _
ACy = A(Chp)LS E% = 0.002

for a pb/2V of 0.1 and therefore need not be applied
except for very accurate work at high speeds on large

- Ao + 4
alrplanes. Values of (c:p) Chyyr, -A—c—+—2- are given in

figure 3. The effective aspect ratlo Ac = AV 1 - M2
1s used to correct for first-order compressibllity effects
AcE, + 2

ALL'y, + 4
in figure 4. Values of the correctlon

som) LR/

are given in figure 5 as a function of 4., &and values

and valuves of are given as a functlion of Ag

of -—————15 are given in figure 6. The value' of m 18
(ca/c)

approximately 1 - O. 0005¢2 The values of cb/ca glven
in figure 6 are for control surfaces wlth an external
overhang such as a blunt-nose or Frlse overhang. For
shrouded overhangs such as the internal balance, the
value of cp/cg should be multiplied by about 0.8 before
using figure 6. :

If the wind-tunnel data are obtained in low-speed
wind tunnels, the estimated values of C;, and (aP)Ch
should be determined for the wind-tunnel Mach number
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(assume M = 0). Otherwise the tunnel data must be
corrected for compressibllity effects and present
methods of correcting tunnel data for compressibility
are belleved unsatisfactory.

ILLUSTRATIVE EXAMPLE

Stick forces are computed from the results of the
wind-tunnel tests of the 0.40-scale semispan model of
the wing of the same typlcal fighter airplane used
as an 1llustrative example in reference 2. Because
the wind-tunnel deta were obtained at low speed, no

- corrections were applled for compresslibllity effects.

Because thils example is for 1llustratlive purposes

only, no computations were made to determline the effects
of yawlng motlon or wing twist on the rate of roll but
an empirical reduction factor was used to take account
of these effects.

A drawing of the plan form of the wing of the model
is presented in figure 7. The computations are made at
an Indicated alrspeed of 250 miles per hour, which
corresponds to a 1ift ccefficlent of 0.170 and to an
angle of attack of 1.3°. The data required for the
computations are as follows:

Scale of model L] L] L] L] ° L] [ ] * L] L] L ] L] L] L] L] L L] O. 40
Aileron S_'Dan, ba, feet [ [ ) . L] . [ L] [ ] . [} [] [] [ 3.07

Alleron root-mean-square chord ¢, feet . . . 0.371
Tralling-edge angle, @, degrees . . . « . « . « 13.5
Slope of sectlon lift cvrve, ay, per degree . 0.094
Balance=-alleron-chord ratlo, cp/cg . + « &« « o & 0.4
Aileron~-chord ratio, cg/c, (constant) . . . . . 0.155

Location of inboard aileron tip, 5;% . . e . . 0.58
Jo

Location of cutboard alleron tip, —75 s ¢ o ¢« s s« 0.98
b

Wing aspect ratlo, A ¢« o« ¢ ¢ ¢ s ¢ ¢ s s o o« o « « DHS

Wing taper ratio, A . . . . « ¢ ¢ . e ¢ ¢« « o« « 0.60

Haximum alleron deflectlon, bamax’ degrees . . . « 16
Maximum stick deflection, Ospg,, degrees . . . . . 21
Stick length, feet . . . e e s s o s s s s o o 2.00
Alleron-linkage-system ratio e o e o o o o = o o o = 1l
Ving loading of airplane, W/S, pounds per

square foot « &« ¢« & ¢ ¢ ¢ e c e s e e e s e e s R27.2
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" ‘The réquired wind-funnel test Tesults include
rolling-moment coefficlents and hinge-moment coefficlents
corrected for the effects of the Jet boundaries. Typleal’
data plotted agalnst alleron deflection are presented :
In figure 8. These same coefficlents cross-plotted

against angle of attack for one-fourth, one-half, three-
fourths, and full alleron deflections are given in

figure 9. The value of Czp/ao as determined from

figure 2 1s 4.02 and the value of Czp is 0.378. The
A, + 4 AE, + 2

(ap)chLL K, + 2 BB, + 4 used in equation (2)

value_of

to determine (Aa)c 1s found from figures 3 and 4 to
h

be 0.565 and 1s used to compute both the rate of roll and '
he stlck force.

In order to facllitate the computations, simultaneous
plots of C; and (Aa)ch against pb/2V were made

(fig. 10).

The steps in the computatlion wlll be explained in
detall for the single case of squal up and down aileron
deflections of 4©°;

(1) From figure 9, the valuesof C; corresponding
to 8ag = 4° and &g = -4° at a = 1.3° are 0.0058
and -0.0052, respectively, or a total static C,
of 00,0110,

(2) A first approximation to (Aa)ch taken at the

value of pb/2V corresponding to C; = 0.0110 1in
figure 10 1s found to he 0.95%.

(3) Second-approximation values of C, (fig. 9)
are determined at a = 0.35° for &g = 4° and at a = 2.25°
for &g =~4°, which give a total C; of 0.0112.

(4) The second approximation to (Aa)ch is now

found from figure 10 to be 0.96°, which 1s sufficiently
close to the value found in step (2) to make any additional
approximations unnecessary.
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(5) By use of the value of Cj; from step (3), the
value of g% = 0.0300 1s obtained from figure 10.

(6) From figure 9 the hinge-moment coefficlent
corresponding to 065 = 4° and the corrected angle of

attack a = 0,34° 1s -0.0038 and for &g = -4°
end @ = 2.26° 1s 0.0052. The total ch is there-
fore 0.0090.

(7) The stick force in pounds 1s calculated from
the alleron-linkage-system data, the alleron dimenslons,
the Increment of hinge-moment coefflclent, and the 1lift
coefficient as follows:

Stick force x Travel = Hinge moment X Deflection

where the hinge moment 1s squal to Chqbggaz- and the
motion 1s linear. '

Substitution of the appropriate values in the
equetlion glves

2 x 21 _
Fo Zpr gt = 5% Cnabata?

and the wing loading 1s

Therefore,

I o 0.371\% 16 x 57.3
- h 0.4 0.4 2 X 21 X 57.3

or

Thus, when Cp = 0.0090 and Cy = 0.170,

0.0090

68.4 X

Fg

3.62 pounds
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This stick-force is that due to. ailleron deflection and

has been corrected by (a.p)c &z determined-with the
Jones edge-veloclty correction applied to the lifting-
line-theory value.

(8) The small additional lifting-surface correctioh
to the hinge moment (fig. 5) is obtained from

o
A(chp)Ls -(i’i‘%c)_ = 0.0207

and since ¢ = 12.50,
n=1 - 0,0006(13.5)2
= 0.91
From figure 6, .
—Lf - =o0.55
(¢a/°)
Therefore,

A(Ch) = 0.0207 x 0.91 x 0,55 -
P15

0.0103

and
A(Ch)_LS = 0.0103 x 0.03
= 0.0003

(9) The AF_, due to the additional lifting-
surface correction of step (8) may be expressed as

AFg = 35%,7% A(ch)LS

0.184 pound
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Then,
Total satick force = FE + AFg

3.62 + 0,124
= 3.74

The stick-force computationsa for a range of alleron
deflection are presented in table I. The final stick-
force curves are presented in figure 1l as a function of
the value of pb/2V calculated for the rigld unyawed

wing. For comparison, the stick forces (flrst-approximation
values of table I) calculated by neglecting the efflect

of rolling are also presented. Stick-force characterlstics
estimated for the flexible alrplane with fixed rudder

are presented in figure 11. The values of pb/2V obtained
for the rigid unyavwed wing were simply reduced by applyling
an empirical factor of 0.75 as indicated by the approxi-
mate rule suggested In the preceding section., No calcu-
lations of actual wing twist or yaw and yewing motion

were made for thls example.

IT~-DEVELOPMENT OF METHOD

The method for determining vaelues of CLP and Chp

1s based on the theoretical flow around a wing in steady
roll with the introduction of certain emplirlical factors

to take account of viscosity, wlng twlist, and minor
effects. The theoretlcal solutlon 1s obtained by means
of an electromagnetlic-analogy model of the 1ifting
surface, which simulates the wing and ite wake by current-
carrying conductors in such a manner that the surroundlng
magnetic fleld corresponds to the veloclty field about

the wini. The elsctromagnetic-analogy method of obtalining
solutlons of lifting-surface-theory problems 1ls dlscussed
In detaill in reference 4. The present calculations were
limited to the case of a thin elliptlc wing of aspect
ratio 6 rolling at zero angle of attack.
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.- .. . . ELECTROMAGNETIC-ANAL.OGY MODEL

Vortex Pattern

In order to construct an electromagnetic-analogy
model of the rolling wing and wake, 1t 1s necessary
to determine flrst the vortex pattern that 1s to
represent the rolling wing. The desired vortex
pattern 1s the pattern calculated by means of the
two-dimensional theories - thin-alrfoll theory and
lifting-line theory. The additional aspect-ratio
corrections are estimated by determining the difference
hetween the actual shape of the wing and the shape that
would be required to sustaln the l1lift distribution or
vortex pattern determined from the two~dimensional
theoriles.

For the special cases of a thin elllptic wing at
a unliform angle of attack or ln a steady roll, the
lifting-line-theory values of the span load distrilbution
may be obtained by means of simple calculations (refer-
ence 6). The span load dlatributions for both cases
are equal to the span load dlstributions determined
from strlp theory with & uniform reduction 1n all
ordinates of the span-load curves by an aerodynamic-

Induction factor. This factor is lféyz- for the wing

at a uniform angle of attack and I—%—Z for the wing in
steady roll. The equatlon for the load at any spanwlse

station SIE of a thin elliptic wing at zero angle of

attack rolling steadily with unlt wing-tip helilx angle
pb/2V 1s therefore (see fig. 12)

ccy _ _ema (X 2
cg(pb/2v) ~ A+ 4 (E%>/l (b/2> (®)

= 2.

¥here &8,
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The chordwlse clrculation function czrv from thin-
¢y
airfoll theory for an inclined flat plate 1s

-2 [/ e (- 2

ccyV c (4)

where x/c is measured from the leading edge. (éee
2r

fig. 13 for values of EE?V)

The vortex pattern 1s determined from 1lifting-
line theory as the product of the spanwlse-loading

o]
function idad and the chordwise circulation
. cs(pb72v)
2r
function EEIV for all points on the wing and in the
wake; thus,
2r ccy ar

cgV(pb/2V)  cg(pb/2V) ceyV

Contour 1lines of this product determine the equivalent
vortex pattern of the rolling wing. Tenr of these lines
are shown in figure 14. The contour lines are given
in terms of the parameter

2l
o gV (pb/2V)

e
IS:SV(pb/ZV)] max

which reduces to
. L max

Construction of the Model

Detalls of the construetion of the model may be
seen from the photographs of figure 1. The tests were
made under very nearly the same conditlons as were the
tests of the preliminary electromagnetic-analogy model.
reported in reference 4. The span of the model was
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twice that of the model.of reference 4 (6.56 ft instead
of 3.28 ft), but since the aspect ratio 1s twice as
large (6 instead of 3), the maximum chord 1s the same.

In order to simplify the construction of the model,
only one semlspan of the vortex sheet was simulated.
Also, iIn order to avold the large -concentrations of
wires at the leading edge and tips of the wing, thils
semispan of the vortex sheet was constructed of two
sets of wires; each of the wires in the set representing
the region of high load gradlng simulated a larger

L than the wires in the set
representing the regipn of low load grading.

Ancrement of A

Downwash Measurements

The magnetic-fleld strength was measured at 4 or 5
vertical helights, 15 spanwise locatlons, and 25 to 50
chordwise statlions. A number of repeat tests were made
to check the accurecy of the measurements and satisfactory
checlits were obtalned.

The electric current was run through each set of
wlres separately. With the current flowing through one
set of wires, readings were taken at polnts on the model
and at the reflectlon points and the sum of these readings
was multlipllied by a constant determined from the increment

of vorticlity A Tgl_. represented by that set of wires.
max -

Then, with the current flowing through the other set of
wires, readings were taken at both real and reflection
points and the sum of these readings was multiplled by
the appropriate constant. The induced downwash was thus
estimated from the total of the four readings. The fact
that four separate readings had to be added together did
not result in any partlicular loss 1n accuracy, because
readings at the missing semlspan were fairly small and
less influenced by local effects of the incremental
vortices. A more accurate vortex distributlion was made
possible by uslng two separate sets of wires. The measured
data were falred, extrapolated to zero vertical height,

wb
max

and converted to the downwash function as dlag-

cussed in reference 4. The final curves of are

wb
max
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presented for the quarter chord, half chord, and three-
quarter chord in figure 15. Also presented ln figure 15
are values of gﬁEL”' calculated by lifting-line theory
and values calcula%ed by lifting-line theory as corrected
by the Jones edge-veloclty correction.

DEVELOPMENT OF FORMULAS

General Discussion

Lifting-surface corrections.~ The measurements of
the magnetlc-fTeld strength (induced downwash) of the
electromagnetic-analogy model of the rolling wing gilve
the shape of the surface required to support the dilstri-
bution of 11ft obtained by lifting-llne theory. Correc-
tions to the spanwise and chordwlse load dlstributions may
be determined from the difference between the assumed
shape of the surface and the shape 1indicated by the
downwash measurements. Formulas for determinlng these
corrections to the span load dlstributions and the rolling-
and hinge-moment characteristics have been developed 1in
connection with jet-boundary-correction problems (refer-
ence 5). These formulas are based on the assumption
that the dlfference between the two surfaces 1s equivalent
at each sectlion to an lncrement of angle of attack plus
an increment of clrcular camber. From figure 15 1t may
be seen that such assumptions are justifiled since the
chordwise dlstribution of downwash 1s approximately
linear. It should be noted that these formulas are based
on thin-alrfoll theory and thus do not take into account
the eifects of viscosity, wing thickness, or compressl-
billty.

Viscoslty.- The complete additlonal aspect-ratio
correction conslsts of two parts. The maln part results
from the streamline curvature and the other part results
from an addltlonal increment of induced angle of attack
(the angle at the 0.5¢ point) not determined by lifting-
line theory. The second part of the correction 1s
normally small, 5 to 10 percent of the first part of

the correction. Some experimental data 1ndicate that the
effect of viscoslty and wing thickness 1s to reduce the
theoretical streamline-curvature correction by about

10 percent for airfolls with small trailing-edge angles.
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BEssentlally the. same final answer 1s therefore obtained
whether the corrections are ‘applied Ih two ‘parts: (as -
should be done, strictly speaking) or whether they are
applied in one part by use of the full theoretical value
of' the streamline~curvature correction. The added
simplicity of using a single correction rather than
applying 1t in two parts led to the use of the method of
application of reference 3.

The use of the single correction. worked very well:
for the allerons.of reference. 3, which were allerons with
small tralling-edge angles. A study 1s 1In progress at
the Langley Laboratories of the NACA to determine the
proper aspect-ratlio correctlons for allerons and taill
surfaces with beveled tralling edges. For beveled
trallling edges, In which viscous effects may be much
more pronounced than in allerons with small traillng-
edge angles, the reduction in the theoretical streamllne-
curvature correction may be considerably more than
10 percent; also, when Cn, 1s positive, the effects
of the reduction in the streamlline-curvature correction
and the additional downwash at the 0.50c point are
additive rather than compensating. Although at present
insufficient data are avallable to determine accurately
the magnitude of the reductlion in the streamline-
curvature correction for beveled allerons, 1t appears
that the simplification of applying aspect-ratio correc-
tions 1n a single =step 1s not allowable for beveled
ailerons. The corrections will therefore be determined
in two separate parts 1ln order to keep them general:
one part, a streamline-curvature correction and the other,
an angle-of-attack correction. An examination of the
experimental data available indicates that more accurate
values of the hinge moment resulting from streamline
curvature are obtained by multiplying the theoretical
values by an empirical reduction factor 1 which 1=a
approximately equal to 1 - 0.0005@2 where @ 1s the
tralling-edge angle in degrees. This factor wlll
doubtless be modified when further experimental data.
are avallable.

Compressibility.- The effects of compressibllity
upon e additional aspect-ratio corrections were not
considered in reference 3. First-order compressl-
bility effects can be accounted for by applicatlion of
the Prandtl-Glauert rule to lifting-surface-~theory
results. (See reference 7.) This method consists in
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determining the compressible-flow characteristics of an
equivalent wing, the chord of which 1s lncreased by the

1 where M 1s the ratio of the free-

2
l1-¥M .

stream velocity to the velocity of sound. Because
approximate methods of extrapolating the estimated
hinge-moment and damping-moment parameters to wings

of any aspect ratio wil]l be determined, 1t is necessary
to estimate only the hinge-moment and damping parameters
corresponding to an equivalent wing with its aspect

ratio decreased by the ratio V1 - Mﬁ.' The estimated
parameters for the equivalent wing are then increased

by the ratlo —1 .

V1 - ¥2

The formulas presented subsequently in the section
"Approximete Method of Extending Results to Wings of
Other Aspect Ratloa" are developed for M = 0, but the

figures are prepared by sdbsfituting Ac = AV - M2
for A and multiplylng the parameters as plotted

by V1 - M2. The edge-velocity correctlion factors Eg,
Egpes E'c, and E'es are the factors corresponding to Ac.
The figures thus include corrections for first-order
compressibllity effects.

ratio

Thin Elliptic Wing of Aspect Ratlo 6

Damping in roll Cyp.- In order to calculate the

correction to the lifting-line-theory values of the
damping derivative Czp 1t 1s necessary to calculate

the rolling moment that would result from an angle-
of=-attack distribution along the wing span equal to

the difference between the measured downwash (determined
by the electromagnetic-analogy method) at the three-
quarter-chord line and the downwash values glven by
1lifting-1ine theory. (See fig. 15.)

Jones has obtalned a simple correctlon to the
lifting-line-theory values of the 1ift (reference 1)
and the damping in roll (unpubllished data) for flat
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elliptic wings. Thls correction, termed the "Jonss
edge-velocity correction," 1s applied by multiplying
the 1Lfting-1%ne-theory values of the 1lift by the

+
ratio ﬁ"m and the 1lifting-line-theory values

Ao + 4
of the damping in roll by KEET;_:-Z with values of E,

and E', as given 1ln flgure 16. As may be seen from

figure 15, the downwash glven by the Jones edge-veloclty
correction 1s almost exactly that measured at the

0.50c points for flat elliptic wings. This fact 1s
useful in estimating the lifting-surface correctlions
because the edge-veloclty correction, which 1s glven

by a2 simple formula, can be used to correct for the
additlional angle of attack lndicated by the linear
difference 1ln downwash at the 0.50c line.

The veariation in downwash between the 0.25c¢c line
and 0.75¢ line, apparently linear along the chord,
indicates an approximately clrcular streamline curvature
or camber of the surface. The lncrement of 1lift resulting
at each sectlon from circular camber ls equal to that
caused by an addltional angle of attack glven by the
slope of the sectlon at 0.75¢c relative to the chord line

or the tangent at 0,50c - that 1s ud - (¥ .

’ <V)0.'750 <V>0.50c
Because thls difference ln downwash does not vary linearly
along the span, & spanwise integration 1s neceassary to

determine the streamline-curvature increment in rolling
moment; that 1s,

(AC-L> _ 8'ma xAc fl wb
SC bV(AcE'c + 4) 0 22— 0.75¢

- [P L ¥ 5
(ﬂm 0.50¢c| ©s /2 d(;%) )

An evaluation of I'pay in terms of pb/2V 1s necessary

to determine the correction to the damping-moment
coefficlent Clp' The lifting~line~theory relation
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between I'p,, and pb/2V 1s, from equation (3),

n _ 2Vb§2b£2V2
‘max ~ +

With the edge~velocity correction applied

2Vb (pb/2V)

hal -—

The value of the streamline-curvature correction
to 1s therefore

(AC], ) 164¢ <2wb
¢ (AcE'c + 4)° 'max/o. 750
wb c
- — —§;-d (")
(2Pm 0.50c|" 8 P/% @E)

A graphical integration of equation (7) gives a value
of 0.022 for (Acz) :
P/ gn

By the integration of equation (3), the value

of C, for Incompressible flow 1s found to
P/LL
m_A _
be v iy 0.471 for A = 6.

Application of the edge-veloclty correction, for A =

glves

c _ TA
Zp EV T 4(AE' + 4)
0.433

and, finally, subtracting the streamline-curvature
correction glves a value of CLP: for A =6, as

follows:
C = (C - [AC
’p ( 7'P>Ev ( 7'P)sc

0.411

6,
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The value.of Czn for e wing of aspect ratio 6

is therefore 13 percent less than the velus glven by
11fting~-1ine theory and 5 percent less than that
glven by lifting-lilne theory with the Jones edge-
veloclilty correctlior. applled.

Hinge-moment ﬁarameter chp.- The streamline-

curvature correctlion to CEP for constant-percentage-

chord allerons 1s, from reference 5 and with the value
of Poax 8lven in equation (6),

e oElee
3 ( ) AcE'c+4-)‘/(-69;> d(b—:%)

whrere the integrations are mesde across the sileron span.
Because the downwash at the 0.50c¢c polint 1ls glven
satlisfactorily by applylng the edge-veloclty corrcction

to the lifting-line-theory values of the downwash, the

part of the correctlon to Chp which depends upnn the
downwash at the 0.E0c polnt may be determined by means

ol the edge-veloclty correction. The effect of aerodynamic
induction was neglected in developing equation (8) teceure
aerodynemlic inductlon has a very small effect uvpon the
hinge-moment correctlions caured by streuwrline curvature.

F o -
Values of the factor —3 for varlous alleron

chord ratios and bhalance ratios 28 determined from thin-
airfoll theory are glven in figure 6. As mentioned
previously, Tm 1s & factor that approximately accounts
for the comhined effects of wing thickness and viscoslty

in slterlng the calculated values of P . The

a c)

experimental &ata available at preqent(lndicate.

that 7 = 1 - O. ooosp! Results of ths integration of
equation (8) for the elliptic wing of aspect ratlo 6
are given in figure 17 as the parameter

(Achp)éc a/c (Ac + 1)\/1 - M2. Values
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(car)?

of (Acha e 1) /1 - M2 determined as

In reference 3 are given in figure 18.

The value of (éhp is
IS

chp s cha)m (“p)chLL Iﬂcm + (A0np)
Since
Ag + 2 |
s (Gha>LL = (Ong), ¢ = (2%ng) .
then

Ac + 4 AE, + 2

(Chp)Ls = (“-p)chLL e, + 12 Ac = (Chu)LS

Ag + 4  AEg + 2
i (Achp) sc (Ach“)sc (ap> Chry, Ac%’c + 4 *‘fc & +2

or

Crp) = [(“p)ch . <°ha)Ls] ' E (Chp)x.s:l (9)

The formula for the parameter (aP)C 1s derived
hyy,

for elliptic wings In the appendix, and numerical values
' A, + 4
are given in the form c
giv n ) (ap)chLL 7z

together with values for tapered wings derlved Irom
the data of reference 2.

iIn figure 3,

It may be noted that use of the parameter éﬁﬂc to
h

determine the total correction for rolling would be
impractical because Q&h ) 1s not proportional
P/1s
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to ch;)L Although the numerical values of ( )

vary considerably with (Eh,> ' the actual effect on
LS

the stick forces 1s smell because (GP>C changes most

wlth (bha when_the values of cha are small.

This effect is 11ludtrated in figure 19, 1n which

numerical values of (qp) for a thin elliptic wing
Chy g

of aspect ratio 6 are given, together with the values
obtalned by liftling-line theory, the values obtalned by
applying the Jones edge-veloclty correction, and the
values obtained by using the alleron midpoint rule
(reference 8). The values obtained by the use of the
Jones edge-veloclty correction are shown to be 4.4 percent
less than those obtalned by the use of lifting-line theory.

The right-hand side of equation (9) 1s divided into
the followlng two parts:

Part I = (a.P)Ch (Cha s
EV

Part ITI = A Chp
LS

Part I of the correction for rolling can be applled
to the static hinge-moment data as a change in the
effective angle of attack as in reference 2. (Also
see equation (2).) Part II of equation (9), however,
is applied directly as a change in the hinge-moment

coefficlents,
b
ACy, = A(C
h (hp)LSEv

Inasmuch as part ITI of equation (9) 1s numerically
fairly small (Ag, = 0,002 for BB =01 fora

wing of aspect ratio 6), 1t need not be applied at all
except for fairly large alrplanes at high speed.
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Approximate Method of Extendling Results
to Wings of Other Aspect Ratlos

Damping 1n roll ngf- In order to make the results

of practical value, 1t 1s necessary to formulate at least
approximate rules for extending the results for a thin
elliptic wing of aspect ratio 6 to wings of other aspect
ratios. There are lifting-surface-theory solutlons
(references 4 and 9) for thin elliptic wings of A =3
and A =6 at a uniform angle of attack. The additional
aspect-ratio correctlon to C was computed for these

cagses and was found to be approximately one-third greater
for each aspect ratlo than the additional aspect-ratilo
correction estimated from the Jones edge~velocity
correction. '

The additional aspect-ratio correction to Cj

for the electromagnetlic-analogy model of A = 6 was
also found to be about one-third greater than the
corresponding edge-veloclty correction to Gzp. A

reasonable method of extrapolating the values of CLP

to other aspect ratios, therefore, 1s to use the
variaetlion of the edge-veloclty correction with aspect
ratio as a basls from which to work and to increase the
magnitude by the amount required to give the proper

value of Czp for A = 6., Effectlve values of E

and E! (Ee and E'e) were thus obtained that would
glve the correct values of CL% for A=3 and A =6
and of Czp for A = 6. The formulas used for estl-

mating Ee, and E'g, for other aspect ratlos were

Ee, = 1.55(}3c -1) +1
E'e, = 1.65 (E'c - 1) +1
Values of Eg, and E'e, 8&re glven in figure 16.
Values of 9;;‘2 /1 - M2 determined by ‘using E'e,

are presented in flgure 2 as a functlion of Ag/&o
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where A, = AV1 - ¥ eand 8,5 15 the incompresslble °
slope of the section 1ift curve per degree.

Hinge~-moment parameter th.- In order to défer-

mine _Ehp‘gfor other aspect ratlos, it 1s necessary to
estimate the formulas for extrapolating the streamline-

curvature corrections (hchﬁ> and (Aché> . 'Values
: SC. sC ]

of (Ach;) for A=3 and A =6 aré avallable in
SC '

reference 3. Values of (Pch;) might be expected to be
SC

approximately inversely proportional to aspect ratio and

’ K

. A + Ko
1s therefore considered satisfactory. The vagues of K3

and KXo are determined so that the values of Ach;>

an extrapolation formula 1n the form (Acha

for A=3 and A =6 are correct. Values of K; .0)
vary with aileron span. The values of Ko, however,

for all alleron spans less than 0.6 of the semispan are
falrly close to 1.0; thus, by assuming a constant value

of Ko = 1.0 for all alleron spans and calculating

values of K;, & satisfactory extrapolation formula

may be obtained. It 1ls 1lmpossible to determine such a
formula for ACh because results are available

only for A = 6; however, it seems reasonable to agsume
the same form for the extrapolation formula and to use

the same value of K2 as for Acha « The value
SC

of Ki can, of course, be determined from the results
for A = 6,

Although no proof is offered that these extrapolation
formulas are accurate, they are applied only to part II

of equation (9) (values of A(Chg) s Which 1s numeri-
LS

cally qulte small, and are therefore considered justified.
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CONCLUDING EEMARKS

From the results of tests made on an electromagnetic-
analogy model simulating a thin elliptic wing of aspect
ratlo 6 1In a steady roll, lifting-surface-theory values
of the aspect-ratio corrections for the damping in roll
and aileron hinge moments for a wing In steady roll were
obtained that are ccnsiderably more accurate than those
given by lifting-line theory. First-order effects of
compressibility were included in the computations.

It was found that the damping in roll obtained by
lifting-surface theory for a wing of aspect ratio 6
is 13 percent less than that given by 1lifting-line
theory and 5 percent less than that given by the
lifting-l1ine theory with the Jones edge-velocity correc-~
tion applied. The results are extended to wings of any
aspect ratio.

In order to estimate alleron stick forces from
statlic wind-tunnel data, i1t 1ls necessary to lmow the
relation between the rate of change of hinge moments
with rate of roll and the rate of change of hinge
moments with angle of attack. It was found that this
ratio 1is very nearly equal, within the usuwal accuracy
of wind-tunnel measurements, to the values estimated by
using the Jones edge-velocity correction, which for an
aspect ratio of 6 glves values 4.4 percent less than
those obtained by means of 1lifting-line theory. The
additional lifting-surface-theory correction that was
calculated need only be applied in stick-force esti-
mations for fairly large, high-~-speed alrplanes.

Although the method of applying the results in the
general case 1s based on a failrly complicated theory, it
may be applied rather simply and without any reference
to the theoretical section of the report.

Langley Hemorlial Aeronautical Laboratory
National Advisory Committee for Asronautics
Langley Fleld, Va.
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APPERDIX

EVALUATION OF (cp)c FOR ELLIPTIC WINGS
h
T.L

It was shown 1n reference 2 that for constant-
percentage~chord ailerons the hinge moment at any alleron
sectlion is proportional to the section 1ift coefficient
multipllied by the square of the wing chord; for constant-
chord ajlerons, the hinge moment at any ailleron section
is proportional to the section 1ift coefficlent divided
by the wing chord. The factor (ap)ch is obtained

LL
by averaging the two factors c;c® and c;/c across

the alleron span for a rolling wing and a wing at
constant angle of attack. For elliptic wings, with

a glope of the sectlion 1ift curve of 2w, it was

shown in reference 6 that strip-theory values multiplied

A A
by asrodynamic-induction factors g or c
. K+ 2 i, + 4
could be used. (Note that is substituted for A

to account for first-order effects of compressibility.)
Thus, for constant-percentage-chord allerons on a rolling
elliptic wing,

2 _ 4 2, . 2
c;c sin“0 Cgq 2w-%?

=4+ Z

2me 52Ae pb 2

and for the same wing at a constant angle of attack a«
A
(3],(::2 = 1-0—-_‘_2-2' sin<@ c5227ra

In order to find “P)Ghu,’ the integral fc;c2 ay

across the alleron span must be equal for both the
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rolling wing and the wing at constant «. Thus,

2me 2
fczcz -rsT %‘V Sinze cos O dy
o .
= 21rcs+Ac a /sin20 ay

dy:%d(cose)_
=--B-sinede
Tet

@ = () ony; B¥

Then

() Ac+2|/;1n5° cos 6 4B
a = T
Plopgy, % T4 (/;in'39 ae

= F 4
%‘- 8in?8 cos O + 2 cos 9]6

where 6, and 03 are parameters that correspond to
the outboard and inboard ends of the alleron, respectively.

A + 4
Values of (o:p) T——Z were calculated for the

hry,
outboard end of the alleron at —JI_ = 0.95 and plotted

bv/2
in figure 3.

= - -y et v ——p—— - - - ——
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A similar development glves, for the consta.nt-chord
alleron, ]

f%z-.dy:-a(: +4)§$‘/éosa'

STA
= %a (Ro iz p)chLL f_lgy_a_

(a‘ Ac+4_ﬁosed9
oy, B E R
6

[.sin G]B:
= W’_

These values are also presented in figure 3.
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TABLE J.~ EXAMPLE OF STICK-FORCE COMPUTATIONS

l&alues of C; and Cp from fig. 9; values of pb/2V and Ae from rig. 10]

Determination of corrections due to
effect of roll

Determination of stick forces

8, (deg) 14 18 312 116 3, (deg) i4 tg t12 116
[ First epproximation, static values
(c,), 0.0058 | 0.0111 0.0166 | ©0.0208 1(en)s, -0.0038 ~0.0080 | -0.0145 ~0,0290
I(cl)_b‘ =0.00562 [-0.0105 =0.0157 | -0.0206 1(°h>-6a 0.0038 0.0112 9,0190 0.0235
c; 0.0110 | 0.0216 0,0323 | 0,0414 Ch 0.0076 0.0192 | 0.0335 0.0525
<pb/2V 0.0295 | 0.0575 0.0858 | 0.1095 P, = 202 Cy 3.06 7.75 | 13.46 21.10
(Aa)cn 0.95 1.86 | 2,78 3.55
Second approximation
1(a) o 0.35 | -0.55 ~1.48 | -2.25 La)g, 0.34 <0.61 | =1.61 -2.46
qcz)h 0.0058 | 0.0111 0.0169 | 0.0212 1(cn)s, | =0-0088 | -0.0060 |-0.0083 | -0.0062
T(a) g, 2.25 | B.16 4.08 | 4.85 T, | 226 3.21 | 4.21 5.06
o), -0.0054 | -0.0111 -0.0170 | -0.0225 % l(ch)-ba 0.0052 0.0137 | 0.0168 0.0180
C; 0.0112 | 0.0222 0.0339 | 0.0437 Cn 0.0090 0.0197 | 0.0221 0.,0242
2pb/2v 0.0300 | 0.0892 0.0900} o0.1160 JfF, = s02Cy 3.62 7.92 8.88 9.73
(8a) gy, 0.96 1.01 2.91 | 3.76 Fy + AF, 3.74 8.17 9.25 10.21
0.75pb/2V 0.0225 | 0.0444 0.0675| 0.0870

1Subscripts are used to

indicate positive or negative aileron deflections.
2These values of pb/2V are for a rigia unyawed wing.

NATIONAL ADVISORY

COMMITTER FOR AERONAUTICS
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{b) Close-up showing search.coil.

Figure 1.- Concluded.
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Figure 8.- Aileron hinge- and rolling -rnoment characleristics
of the 040-scale mode/ of Fhe airplane used for fhe
illustrative example. Characleristics plofted agarnst
aileron deflectiorn.



Fig. 9 . NACA ARR No. L5F23

NATIONAL ADVISORY

COMMITTEE FOR AERONAUTICS
Sa
g2 ceg)
S 0
w08 J= e
¥
S~ ,04 = A -
S A L | |
S 0 = s N s
- ~F AT T
§ . 0 74‘\ T B ~ T \\
le ) S _/ 7 [
g s2i/] L
T2
/6
~ &
G .03 %,
N Geg)
4 /6
Q- /
N 8
8 .0/
S 4
~~
2 y |
S [
> 1
m ]
§ =02 /6/—]
S
R_p3

-4 2 0 bag 4 6 E o /12 /4 16 I8
Angle of atfack, a, deg
Figure 7.- Aileron hinge- arnd rolling-momen! characteristics
of the O040-scale mode/ of Fhe airplane used For 7he
illustrative example. Charocteristics plofted against
angle of alfock.
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Fig. 11 NACA ARR No. L5F23
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Figure 12.~ Spanwise distribution of the span load or

: ce
circulation function iﬁ for a rolling elliptic wing

Cs
of aspect ratio 6. (Detezx'Ynined from lifting-line theory.?
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Figure 13.- Chordwise distribution of circulation function
Zl"v for a flat plate. {Determined from thin-airfoil
ce
theory.)
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A reome [4-Conbovr /[/ines of 2hE Crrculation Functon

ror an s/Mipitrc wing of aspect ratio 6
séeady roll.
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Figure 15.~ Induced downwesh function wb/Zf-:nax for
an ellipticael 1ifting surface of aspect ratio 6 in
steady rcll.
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Figure 17.- Streamline-curvature correction to lifting-
line-theory values Chp for thin elliptic wings
estimated for any aspect ratio from electromagnetic-
analogy data for wing of aspect ratio 6.

7,
56 !

Fn
~

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

(Ac}zap)sc (c_aécx (A‘.rf/) 1-#7% , pcr radian
y
)

40
V| ——— Outboard 7p at

NN

2
L]~~~ Outboerd 11p at 1.00
.95
—— ——Outbaard #ip at .90

929 Z 7 % Y
Inboard arlsren Fip locatron, -g-’/é-

10

Figure 18.- Streamline-curvature correction to 1lfting-
line-theory values of Cha for thin elliptic wings
estimated for any aspect ratio from lifting-surface-

theory calculations for wings of aspect retios3 and 6.
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Fig. 19 NACA ARR No.
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Figure 19.- Values of parameter (ap)c from aileron-

midpoint rule, lifting-line theory, lifting~line theory
with edge-velocity correction applied, and lifting-
surface theory for an elliptic wing of aspect ratio 6.
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